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Nonlinear dielectric relaxation spectroscopy of ferroelectric liquid crystals
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~Received 1 February 2000!

The nonlinear dielectric relaxation spectra of ferroelectric liquid crystals~FLCs! have been studied in the
chiral smectic-C phase. The linear and third-order nonlinear dielectric spectra show the relaxation correspond-
ing to the fluctuation in the azimuthal angle of directors called the Goldstone mode. We calculated the
nonlinear dielectric spectra of the Goldstone mode theoretically by the torque balance equation which describes
the dynamics of FLCs under the electric field. The calculated spectra make good agreement with the measured
ones. We also evaluated the material constants of FLCs from the best-fitted values of the linear and nonlinear
dielectric increment and relaxation time.

PACS number~s!: 61.30.Gd, 77.22.Gm, 77.84.2s, 05.45.2a
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Ferroelectric liquid crystals~FLCs! have attracted much
attention of researchers from the fundamental and tech
logical points of view since the discovery of the ferroele
tricity in the chiral smectic-C (Sm-C* ) phase@1#. In the
Sm-C* phase, the constituent chiral molecules tilt from t
layer normal and form a helical structure whose axis is p
allel to the layer normal. The spontaneous polarization lie
the plane of the smectic layers and is perpendicular to
long molecular axis~director!. In the lower frequency region
below several MHz, there are two collective fluctuation
the directors in the Sm-C* phase@2#. One is the soft~ampli-
tude! mode, which is the fluctuation in the magnitude of t
tilt angle. The other is the Goldstone~phase! mode, which is
the fluctuation in the azimuthal angle of director around
helical axis. They have been intensively studied theoretic
and experimentally, especially by the dielectric relaxat
spectroscopy@3–8#. As the dielectric increment and relax
ation time of the Goldstone mode is usually large, this mo
is predominant in the dielectric response in the Sm-C* phase
except at the vicinity of the Sm-A– Sm-C* phase transition
temperature.

In soft materials such as liquid crystals and polyme
their response to external field is expected to become ea
nonlinear even under the small applied field. Recently,
dielectric relaxation spectroscopy has been extended to
nonlinear regime and applied to research on polymers@9–11#
and liquid crystals@12–14#. In these studies, it is shown tha
the nonlinear spectra offer more information on the dyna
ics of molecules and the phase transition than that obta
only by the linear spectrum.

In this Rapid Communication, we have applied the no
linear dielectric relaxation spectroscopy to the Goldsto
mode of FLCs in the Sm-C* phase and analyzed the o
tained spectra by those calculated theoretically. We also
cuss the availability of the nonlinear dielectric relaxati
spectroscopy to the measurement of material constant
FLCs in thick samples.

We can discuss the dynamics of the azimuthal angle
director w(z,t) around the helical axis~taken as thez axis!
under the electric fieldE with the amplitudeE0 and the an-
gular frequencyv, E5E0 cosvt, applied parallel to they
axis by the torque balance equation in the constant ampli
approximation@6#,
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5PS E sinw, ~1!

whereK[K3 sin2 u, g[g0 sin2 u, K3 is the elastic constant
g0 is the rotational viscosity,u is the tilt angle, andPS is the
spontaneous polarization. If the applied field is very sm
the solution of Eq.~1! is written in the perturbed form to the
solution forE050, w0(z)5q0z, whereq0 is the wave num-
ber of the helical structure. We assume that the tilt angle
the helical pitch will not change under the small electric fie
we used, and the boundary condition forw0(z) is also appli-
cable tow(z,t). Then, the solution of Eq.~1! is written as a
sum of the fundamental and harmonic components ofv and
their amplitudes are expanded into the power series ofE0
and the Fourier series of sin(mq0z) (m51,2, . . . ),

w~z,t !5q0z1 (
n51

`

(
m51

`

(
r 50

n

AnmrS E0

2 D n

3ei ~n22r !vt sin~mq0z!. ~2!

By replacingw(z,t) in Eq. ~1! with Eq. ~2!, we can deter-
mine all coefficientsAnmr in Eq. ~2!.

The polarization induced parallel to the applied elect
field E is calculated by averagingPS cosw over one helical
pitch. We finally obtain the induced electric displacementD
for the Goldstone mode as a sum of the fundamental
harmonic components ofv,

D~ t !52 (
m51

`

Re@Dm* eimvt#

52 (
m51

`

(
r 50

`

Re@«m,m12r* eimvt#S E0

2 D m12r

, ~3!

whereDm* is the complex amplitude of themth-order har-
monic component and«mn* is the complex nonlinear dielec
tric constant defined as the coefficient of the term prop
tional to (E0/2)n in Dm* . The even-order harmonic
components disappear by the symmetry of polarizati
When the applied fieldE0 is small, the dominant term inDm*
R5907 ©2000 The American Physical Society
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is that proportional toE0
m . We can experimentally obtain th

mth-order nonlinear dielectric spectrum«m* ([«mm* ) from
the applied fieldE0 dependence ofDm* as

«m* 5 lim
E0→0

Dm*

E0
m •2m21[«m8 2 i«m9 . ~4!

We can obtain the linear«1* and third-order nonlinear dielec
tric spectrum«3* of the Goldstone mode from Eqs.~3! and
~4! as @15,16#

«1* 5
PS

2

2Kq0
2 •

1

11 ivt
, ~5!

«3* 52
PS

4

16~Kq0
2!3 •

315ivt2v2t2

~11 ivt!3~11 ivt/2!~113ivt!
,

~6!

wheret is the relaxation time of the linear spectrum defin
as t5g/Kq0

2. The negative increment of«3* indicates that
the nonlinear dielectric response of the Goldstone mode
FLCs originates from the saturation in the orientation
spontaneous polarization by the applied electric field. Thi
similar to the nonlinear dielectric response of the freely
tatable dipole moments@17#.

The sinusoidal electric fieldE(t) generated from the syn
thesizer~HP3326A! in the frequency range from 5 Hz to 80
kHz is applied to the sample after passing through the
pass filter~NF3656! to reduce the harmonic distortions
E(t). The electric displacementD(t) detected by a charg
amplifier was digitized and transformed into complex sp

FIG. 1. Applied electric fieldE0 dependence of the real part o
~a! D1* and~b! D3* of CS1017 for several frequencies at 50 °C. T
solid lines in~a! are the best-fitted lines ofD1* 5«1* E0 . The solid
lines in ~b! are the best-fitted lines ofD3* 5«3* E0

3/4.
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trum data on the vector signal analyzer~HP89401A!. The
advantage of the nonlinear dielectric relaxation spectrosc
in the frequency-domain is to enable us to separate the n
linear responses as harmonic components from the linear
by their frequencies. We have measured the applied ele
field E0 dependence of the complex amplitudes of the fu
damental, second-order and third-order harmonic com
nents ofD(t), D1* , D2* , andD3* .

The sample used in this study was mixture FLC, CS10
~Chisso!, and was sandwiched between two glass plates w
indium tin oxide ~ITO! electrodes. The surfaces of the ce
were spin-coated with polyimide and rubbed unidirectiona
to attain homogeneous alignment of molecules. The
thickness was 25mm, which was determined by the capac
tance of the empty cell.

The typical dependence of the real part ofD1* andD3* on
the applied electric fieldE0 in the Sm-C* phase~50.0 °C!
are respectively shown in Fig. 1. It is found thatD1* andD3*
have the linear relations toE0 andE0

3 respectively, butD2* is
negligibly small compared toD3* within the range ofE0 we
used. The linear and third-order nonlinear dielectric spec
«1* and«3* obtained by Eq.~4! are shown in Fig. 2.

The linear spectrum«1* shows two relaxation of Debye
type at about 300 Hz and 650 kHz. The relaxation in t
higher frequency region is due to the series circuit made
of the resistance of ITO electrodes and the capacitance o
sample cell at high frequencies. The relaxation in the low
frequency region is that of the Goldstone mode and its sp
trum can be well ascribable by the modified form of Eq.~5!
with the distribution of relaxation times represented by t
Cole-Cole parameterb1 as

FIG. 2. ~a! Linear«1* and~b! the third-order nonlinear dielectric
relaxation spectrum«3* of CS1017 at 50 °C. The solid line in~a! is
the best-fitted curve of the modified form of Eq.~7! in which the
effect of the resistance of ITO electrodes is considered. The s
line in ~b! is the best-fitted curve of Eq.~8!.
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«1* 5«`1
D«1

11~ ivt1!b1
1

A

~ iv!g1
, ~7!

whereD«1 is the linear dielectric increment,t1 is the linear
relaxation time, and«` is the permittivity at sufficiently high
frequencies. For the better fitting of the data at low frequ
cies, we add the last term on the right-hand side of Eq.~7!,
which represents the effects of conductivity and electro
polarization. If we setg1 to unity, the parameterA reduces to
the dc conductivity of the sample. The best-fitted curve
which the influence of the resistance of ITO electrodes
also introduced to Eq.~7! with t150.47 ms, b150.91, and
A/( iv)g155.6310210/( iv)0.81F/m is drawn as a solid line
in Fig. 2~a!.

The third-order nonlinear spectrum«3* shows the single
relaxation corresponding to the Goldstone mode and
negative increment. Its profile can be well ascribable by
modified form of Eq.~6! as

«3* 5
D«3$115~ ivt3!b3/31~ ivt3!2b3/3%

$11~ ivt3!b3%3$11~ ivt3!b3/2%$113~ ivt3!b3%

1
B

~ iv!g3
, ~8!

whereD«3 , t3 , andb3 are respectively the third-order non
linear dielectric increment, relaxation time, and Cole-C
parameter. The second term on the right-hand side
Eq. ~8! is necessary to fit the experimental data at l

FIG. 3. Temperature dependence of the best-fitted param
~a! D«1 , ~b! D«3 and ~c! relaxation timet1 ~d! and t3 ~s! ob-
tained using Eqs.~7! and ~8! for «1* and«3* .
-

e

n
s

as
e

of

frequencies better. The best-fitted curve of Eq.~8!
with t350.49 ms, b350.89, and B/( iv)g3525.4
310224/( iv)0.89 Fm/V2 is drawn as a solid line in Fig. 2~b!.
The best-fitted values oft i andb i ( i 51,3) do not strongly
depend oni, which confirms the theoretical prediction th
the profiles of the nonlinear spectra are determined by
relaxation time of the linear spectrumt1 .

The temperature dependence of the best-fitted value
D«1 , D«3 , t1 , andt3 are shown in Fig. 3. The incremen
D«1 shows a small peak just below the Sm-A– Sm-C* phase
transition temperatureTC and takes an almost constant val
except that region. The magnitude ofD«3 also takes a maxi-
mum value nearTC and decreases rapidly with decreasi
temperature in the Sm-C* phase. The observed values
D«3 are four or more decades larger than those reported
ferroelectric or polar polymers in magnitude@9–11#. In
FLCs, the helical structure with a long pitch brings abou
large fluctuation of dipole moments. Hence, a small elec
field can easily deform the helical structure which results i
large nonlinear permittivity of FLCs. The relaxation timest1
andt3 take almost same values with the ratiot3 /t1 of 1.05
and their temperature dependence are almost same as th
D«1 . The observed temperature dependence ofD«1 andt1
are similar to those reported in other FLCs@4,6#. As we can
rewrite D«3 as2(PS /u)4/(u2q0

6) except the numerical fac
tor and the values ofPS /u and 1/q0 reach finite ones atTC

rs
FIG. 4. Temperature dependence of~a! spontaneous polarization

PS , ~b! rotational viscosityg, and~c! Kq0
2 calculated by Eqs.~9!–

~11!. The open circles in~a! are the values ofPS measured by the
triangular wave method with the electric field of 1.6 MV/m and 2
Hz.
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@2#, D«3 is expected to diverge with a negative sign atTC in
the Sm-C* phase. We could not determineTC exactly by
dielectric measurement, but we can regard it 55.0 °C fr
the divergent behavior ofD«3 . The steep decrease ofD«3
above 55.0 °C is due to the contribution of the soft mode
the Sm-A phase@13#. Strictly speaking, the profile of«3*
calculated for the soft mode@16# is slightly different from
Eq. ~6!, but the spectra above 55.0 °C have been acciden
fitted well by Eq.~6!.

Finally, we would like to discuss the material constants
FLCs evaluated from the best-fitted parameters of the n
linear dielectric relaxation spectra. By combining Eqs.~5!
and~6! andt5g/Kq0

2, we can calculate the values ofPS , g,
andKq0

2 from the best-fitted values ofD«1 , D«3 , andt as

PS5S 2
3D«1

3

2D«3
D 1/2

. ~9!

g52
3D«1

2t

4D«3

F

E
, ~10!

Kq0
252

3D«1
2

4D«3

F

E
. ~11!

In Eqs. ~9!–~11!, we regard the local fieldF as the electric
field working on FLCs in a bulk instead ofE. As the linear
permittivity of CS1017 is rather large, we can approximat
use the value ofF/E51.5 in Eqs.~10! and ~11!. The tem-
perature dependence ofPS , g, andKq0

2 calculated by Eqs.
s.

,

.

l.
n

lly

f
n-

y

~9!–~11! are respectively shown in Fig. 4. In Fig. 4~a!, the
values of PS directly measured by the triangular wav
method@18# are plotted as open circles for comparison. T
difference between them is found to be small except near
phase transition temperature. This discrepancy is parti
due to the neglect of the contribution from the soft mode a
the insufficient assumption of the local field for third-ord
nonlinear response. If the helical pitch 2p/q0 and tilt angleu
are known, we can also evaluate the elastic constantK3 from
the values ofKq0

2. By using the measured values ofq0

54.7mm21 and u518° at 50 °C, we can obtainK3
56.9 pN, which is comparable to the values ofK3 for
nematic liquid crystals.

In summary, we have studied the nonlinear dielectric
laxation spectra of FLCs experimentally and analyzed th
theoretically by the simple torque balance equation. We h
also calculated the material constants of FLCs from the
tained parameters of spectra to check the effectiveness o
analysis quantitatively and found that our analysis rema
semiquantitative. To improve our theoretical treatment,
need to take into account the fluctuation of magnitude of
tilt angle and calculate with the extended mean-field mo
which was used for the analysis of the linear spectrum@5#.
We also need to know the exact expression of the local fi
for the nonlinear response.

This work is supported by Grant-in-Aid for Scientific Re
search from the Ministry of Education, Science, Sports a
Culture of Japan. The authors also thank Chisso Co., Ltd.
supplying the FLC sample.
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@2# B. Žekš and R. Blinc, Ferroelectric Liquid Crystals, Prin-
ciples, Properties and Applications~Gordon and Breach
Philadelphia, 1991!, Chap. 5.
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